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Abstract
We consider the Palatini formalism of gravity with cosmological con-
stant Λ coupled to a scalar field φ in n-dimensions. The n-dimensional
Einstein equations with Λ can be derived by the variation of the coupled
Palatini action provided n > 2. The Hamiltonian analysis of the coupled
action is carried out by a 1 + (n− 1) decomposition of the spacetime. It
turns out that both Palatini action and Hilbert action lead to the same
geometric dynamics in the presence of Λ and φ. While, the n-dimensional
Palatini action could not give a connection dynamics formalism directly.
Keywords: Palatini action, high dimensional gravity, Hamiltonian anal-
ysis
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1 Introduction
In Palatini formalism Lorentz connection becomes one of the basic dynamical
variables. This feature causes great interest in the study of non-perturbative
quantum gravity[1][2][3], modified gravity theories[4][5] and their cosmological
applications[6][7]. On the other hand, high dimensional gravitational theories,
such as Kaluza-Klein theory, are widely investigated[8][9][10][11] since they pro-
vide the possibility to unify gravity with gauge fields by certain higher dimen-
sional geometry. Also the matter and black holes in high dimensional gravity[12]
and the concept of energy in high dimensional spacetime[13][14] are fully inves-
tigated. The n-dimensional Palatini action, in the case n > 2, can reproduce
n-dimensional vacuum Einstein equations[15]. Although the Hamiltonian for-
malism of 4(or 3)-dimensional Palatini gravity has been fully studied[1][2], the
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full Hamiltonian analysis of higher dimensional Palatini formalism is still lack-
ing. One may ask the question whether one could derive a connection dynamics
formalism from n-dimensional Palatini action, as connection variables are the
foundation to apply the technique of loop quantum gravity.
In this paper, we consider the Palatini formalism of n-dimensional gravity
with cosmological constant Λ coupled to a Klein-Gordon field φ. A straight-
forward calculation show that the coupled Palatini action can still reproduce
n-dimensional Einstein’s equations even in the presence of Λ and φ provided
n > 2. We then derive the corresponding Hamiltonian formulation by carrying
out a 1 + (n− 1) decomposition of the underlying n-dimensional spacetime. It
is well known that in the Legendre transform of 4-dimensional Palatini formal-
ism, besides the expected first-class constraints representing the internal gauge
symmetry and spacetime symmetry, there appear also second-class constraints
to account for the degrees of freedom of the theory. A complicated step in the
Hamiltonian analysis is then to solve those second-class constraints. While, in
higher dimensional Palatini formalism, another problem arises since the con-
struction of the anticipated constraints responsible for the degrees of freedom is
not so obvious as that in 4-dimensional case. Let alone to solve the constraints.
We deal with the two troublesome problems by one trick, namely gauge fixing
a unit time-like internal vector nµ and solving the boost part of the Gauss con-
straint relative to nµ. It turns out that both first order Palatini action and
second order Einstein-Hilbert action lead to the same geometric dynamics in
n-dimensions (n > 2) in the presence of Λ and φ. Thus, as in 4-dimensional
case, one could not obtain connection dynamics directly from the n-dimensional
Palatini action.
2 Lagrangian Formalism
Consider an n-manifold (n > 2), M , on which the basic dynamical variables
in the Palatini framework are n-basis eaµ and so(1, n − 1)-valued connection
ω¯ µνa (not necessarily torsion-free), where the Greek indices µ, ν, ... denote the
internal SO(1, n− 1) group and the Latin indices a, b, ... denote the ”spacetime
indices”. The internal space is equipped with a Minkowskian metric ηµν (of
signature −+ . . .+), fixed once for all, such that the spacetime metric reads:
gab = ηµνe
µ
ae
ν
b .
The coupled Palatini action in which we are interested is given by:
Sp[e
b
σ, ω¯
µν
a , φ] =
1
2
∫
M
dnx(e)[eaµe
b
νΩ
µν
ab + 2Λ]
−
αM
2
∫
M
dnx(e)[ηµνeaµe
b
ν(∂¯aφ)∂¯bφ+m
2φ2], (1)
where e is the square root of the determinant of the n-metric gab, Λ is the
n-dimensional cosmological constant, αM is the coupling constant, ∂¯a is a flat
2
derivative operator on M , and the so(1, n− 1)-valued curvature 2-form Ω
µν
ab of
the connection ω¯µνa reads:
Ω
µν
ab = 2D[aω¯
µν
b] ≡ (dω¯
µν)ab + ω¯
µσ
a ∧ ω¯
ν
bσ .
The gravitational field equations are obtained by varying this action with respect
to eaµ and ω¯
µν
a . To carry out the variation with respect to the connection, it is
convenient to introduce the unique (torsion-free) generalized covariant derivative
∇¯a on both space-time and internal indices determined by the bases e
a
µ via:
∇¯ae
b
µ = ∂¯ae
b
µ + Γ¯
b
ace
c
µ + Γ¯
ν
aµ e
b
ν = 0, (2)
where Γ¯bac and Γ¯
ν
aµ are respectively the Levi-Civita connection and spin connec-
tion on M . The difference between the ω¯µνa and Γ¯
µν
a is a covariant generalized
tensor field with respect to both internal and spacetime indices defined by:
C¯ µνa ≡ ω¯
µν
a − Γ¯
µν
a . (3)
Hence the difference between the curvatures of ω¯ and Γ¯ is given by:
Ω
µν
ab −R
µν
ab = 2∇¯[aC¯
µν
b] + 2C¯
µρ
[a C¯
ν
b]ρ , (4)
where R
µν
ab is the curvature 2-form of ∇¯a. Note that the variation of the action
(1) with respect to ω¯ µνa (keeping the basis fixed) is the same as its variation
with respect to C¯ µνa . Using Eq. (4), the action (1) becomes:
Sp[e
b
σ, C¯
µν
a , φ] =
1
2
∫
M
dnx(e)[eaµe
b
ν(R
µν
ab + 2∇¯[aC¯
µν
b] + 2C¯
µρ
[a C¯
ν
b]ρ ) + 2Λ]
−
αM
2
∫
M
dnx(e)[ηµνeaµe
b
ν(∂¯aφ)∂¯bφ+m
2φ2]. (5)
By varying this action with respect to C¯ µνa , one obtains:(
e[aρ e
b]
σ δ
ρ
[µδ
τ
ν]
)
C¯ σbτ = 0, (6)
which implies:
(n− 2)C¯ µaσ e
a
µ = 0. (7)
This yields C¯ µµσ = 0, when n 6= 2. Using this result, Eq. (6) leads to
C¯ νσµ = C¯
ν
(σµ). (8)
Thus, C¯σµν is symmetric in its first two indices. Since C¯σµν = C¯σ[µν], we can
successively interchange the indices to show C¯σµν = 0. This is the desired result.
Thus, the equation of motion for the connection ω¯ µνa is simply that it equals
Γ¯ µνa . Thus the connection ω¯
µν
a is completely determined by the bases. By
carrying out the variation of action (1) with respect to the bases, one obtains:
ecµΩ
µν
cb −
1
2
Ω
σρ
cd e
c
ρe
d
σe
ν
b − Λe
ν
b = αM
[
ηµνecµ(∂¯bφ)∂¯cφ
−
1
2
eνb
(
ηµσecµe
d
σ(∂¯cφ)∂¯dφ+m
2φ2
)]
. (9)
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Using the fact that Ω
µν
ab = R
µν
ab and the curvature 2-form of ∇¯a is related to
its space-time curvature by R
ν
abµ = R
d
abc e
c
µe
ν
d and multiplying Eq. (9) by eνa,
it follows that the Einstein equations holds. It is obvious that the variation of
action (1) with respect to φ will still give the Klein-Gordon equation.
3 Hamiltonian Analysis
To carry out the Hamiltonian analysis of action (1), suppose the spacetime M
is topologically Σ×R for some (n−1)-manifold Σ. We introduce a foliation and
a time-evolution vector field ta in M , where ta can be decomposed with respect
to the unit normal vector na of Σ as:
ta = Nna +Na, (10)
where N is called the lapse function and Na called the shift vector [16][17]. De-
note Sp = SG+SKG. Then the action of gravity and matter can be respectively
decomposed as:
SG =
1
2
∫
Σ×R
dnx(E)[NEaµE
b
νΩ
µν
ab + 2n[µE
a
ν]Daω¯
µν
t − 2n[µE
a
ν]ω˙
µν
a
+2Nan[µE
b
ν]Ω
µν
ab + 2NΛ], (11)
SKG = −
αM
2
∫
Σ×R
dnx(E)N [ηµνEaµE
b
ν(∂aφ)∂bφ−
1
N2
(φ˙−Na∂aφ)
2
+m2φ2], (12)
where Eaµ ≡ e
b
µq
a
b = e
b
µ(g
a
b + n
anb), E is the square root of the determinant
of the spatial metric qab, Da is the spatial SO(1, n − 1) generalized covariant
derivative operator reduced from Da and corresponds to a so(1, n − 1)-valued
spatial connection 1-form ω µνa ≡ q
b
aω¯
µν
b , Ω
µν
ab ≡ q
c
aq
d
bΩ
µν
cd is the correspond-
ing spatial so(1, n−1)-valued curvature 2-form, ω˙ µνa is the Lie derivative of ω
µν
a
with respect to ta (treating the internal indices as scalars), and ∂a is the deriva-
tive operator on Σ reduced from ∂¯a. The internal normal vector is defined as
nµ ≡ nae
a
µ, from which one has η
µνEaµnν = 0. By a gauge fixing nµ ≡ (1, 0, 0...),
one can split the internal indices µ, ν, σ, ... into 0, i, j, ... . Note that the gauge
fixing put no restriction on our real dynamics.
Let N ≡ N/E be the densitized lapse scalar of weight −1 and E˜ai ≡ (E)E
a
i
the densitized spatial basis of weight 1. The action of gravitational field can
then be decomposed as:
SG =
∫
Σ×R
dnx[NE˜ai E˜
b
j (D[aω
ij
b] +K
i
[aK
j
b])− ω¯
i0
t DaE˜
a
i
+ω¯ ijt E˜
a
[iK|a|j] + E˜
a
i K˙
i
a − 2N
aE˜bjD[aK
j
b] + (E)
2NΛ], (13)
where Kja ≡ ω
j0
a , and Da is the SO(n − 1) generalized covariant derivative
operator with respect to ω ija . The unique torsion-free SO(n − 1) generalized
4
covariant derivative operator annihilating Eai is defined as:
∇aE
b
i = ∂aE
b
i + Γ
b
acE
c
i + Γ
j
ai E
b
j = 0, (14)
where Γbac and Γ
j
ai are respectively the Levi-Civita connection and the spin
connection on Σ. Let C ija be the difference between ω
ij
a and Γ
ij
a , i.e.,
ω ija = Γ
ij
a + C
ij
a . (15)
Then the constraint equation with respect to the Lagrangian multiplier ω¯ i0t
reads:
δSp
δω¯ i0t
= DaE˜
a
i = ∇aE˜
a
i + C
ij
a E˜
a
j = (E)C
ij
j = 0, (16)
which means that C ijj = −C
ji
j = 0 in the reduced phase space. So in the
reduced phase space determined by Eq. (16), the action of gravitational field
reads
SG =
∫
Σ×R
dnx[
1
2
NE˜ai E˜
b
jR
ij
ab −
1
2
(E)2NC ij kC
kj
i +NE˜
[a
i E˜
b]
j K
i
aK
j
b
+ω¯ ijt E˜
a
[iK|a|j] + E˜
a
i K˙
i
a − 2N
aE˜bj∇[aK
j
b] +N
aC ija E˜
b
jKbi
+(E)2NΛ], (17)
where R ijab ≡ 2∇[aΓ
ij
b] is the Riemann curvature 2-form compatible with the
spatial basis Eai . Then the variation of Sp respect to C
ik
j gives:
δSp
δC ikj
= −
1
2
(E)2N(C j[ik] + C
j
[k i]) +N
jE˜b[kK|b|i] = 0. (18)
While, the constraint equation determined by the Lagrangian multiplier ω¯ ijt
reads:
δSp
δω¯ ijt
= E˜a[iK|a|j] = 0. (19)
Since C jki = C
[jk]
i , by substituting Eq. (19) into Eq. (18), one gets:
C j[ik] = 0, (20)
which leads to Cijk = 0 by using the same trick in the previous section. Hence,
the action of gravitational field can be reduced to:
SG =
∫
Σ×R
dnx[E˜ai K˙
i
a +N
(1
2
(E)2(R + 2Λ) + E˜
[a
i E˜
b]
j K
i
aK
j
b
)
+ ω¯ ijt E˜
a
[iK|a|j]
−2NaE˜bj∇[aK
j
b]]. (21)
On the other hand, the action of the scalar field can be written via the
internal gauge fixing as:
SKG = −
αM
2
∫
Σ×R
dnx[δijNE˜ai E˜
b
j (∂aφ)∂bφ−
1
N
(φ˙−Na∂aφ)
2
+(E)2Nm2φ2]. (22)
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The canonical momentum conjugating to φ reads:
pi =
∂L
∂φ˙
=
αM
N
(φ˙−Na∂aφ). (23)
Hence the scalar field action can be expressed as:
SKG =
∫
Σ×R
dnx[piφ˙−N
(αM
2
δijE˜ai E˜
b
j (∂aφ)∂bφ+
1
2αM
pi2 +
αM
2
(E)2m2φ2
)
−Napi∂aφ]. (24)
Thus, combining Eqs. (21) and (24), the total Hamiltonian and all constraint
equations of n-dimensional Palatini gravity with Λ coupled to φ can be summa-
rized as:
Htot = −
∫
Σ×R
dn−1x[ω¯ijt Gij +NH +N
aVa] (25)
Gij = E˜
a
[iK|a|j], (26)
H = [
1
2
(E)2(R + 2Λ) + E˜
[a
i E˜
b]
j K
i
aK
j
b ]
−[
αM
2
δijE˜ai E˜
b
j∂aφ∂bφ+
1
2αM
pi2 +
αM
2
(E)2m2φ2], (27)
Va = −2E˜
b
j∇[aK
j
b] − pi∂aφ. (28)
They have the same form as those in the ADM Hamiltonian formalism. Hence
the constraints (26)-(28) also comprise a first-class system.
In conclusion, for arbitrary n > 2 dimensional spacetime, the Palatini action
and the Einstein-Hilbert action lead to the same classical dynamics in the pres-
ence of cosmological constant and Klein-Gordon field. Thus, as an alternative
approach, one may study the dynamics of higher dimensional gravitation with
matter fields, such as the brane world theory, in Palatini formalism as well.
While, the n-dimensional Palatini action could not give a connection dynamics
formalism directly.
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